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Abstract: Accretion disks are material structures that form when gas, dust or plasma is 
pulled towards a black hole by its strong gravity. In rotating (Kerr) black holes, the 
dynamics of the accretion disk becomes more complex due to frame-dragging effects that 
affect particle trajectories and energy release patterns. This study aims to develop an 
algorithm for calculating the force F(x) on particles in the accretion disk by considering 
the non-linear interaction between the black hole spin parameter and the relative position 
of the particles. The developed algorithm uses logarithmic and trigonometric approaches 
to improve the accuracy of the force calculation. The results show that variations in the 
spin parameter and relative position significantly affect the force distribution in the 
accretion disk. Visualization of the force interaction reveals the existence of non-linear 
patterns that contribute to the system dynamics. The main contribution of this research 
is the refinement of force calculation models that previously did not fully incorporate the 
combined effects of logarithmic and trigonometry in particle interactions. The proposed 
approach offers a more accurate predictive tool to explore the physical processes around 
black holes, and supports the interpretation of observational data from telescopes and 
gravitational wave detectors. 
 
Keywords: Accretion disks; Force calculations; Non-linear dynamics; Rotating black 
holes; Spin parameters. 

Introduction  
 

An accretion disk is a structure of material that 
forms when gas, dust or plasma is pulled toward a black 
hole by its intense gravity, but does not fall directly into 
it (Malki, 2024; Pugliese & Stuchlík, 2021). This matter 
forms a disk-shaped structure that rotates at high speeds 
due to angular momentum. Close to the black hole, 
radiation pressure, the viscosity of the matter in the disk, 
and the effects of general relativity become more 
dominant (Pugliese & Stuchlík, 2021; Wessel et al., 2021).  
In rotating black holes, known as Kerr black holes, the 
dynamics of the accretion disk become more complex 
(Ashoorioon et al., 2024; Hou et al., 2022). The rotation of 
the black hole creates a gravitational effect called frame 
dragging, where space-time around the black hole is 

dragged along by the rotation (Kraniotis, 2021; Maes, 
2023). This effect affects the orbit of the material in the 
accretion disk and the pattern of energy released. As a 
result, accretion disks are among the brightest sources of 
electromagnetic radiation in the Universe, especially in 
the form of X-rays and gamma rays (Anitra, 2024; 
Boruah et al., 2024). This radiation is produced when the 
material in the disk experiences extreme heating due to 
friction and compression as it approaches the black hole 
(Bourne et al., 2024; Turimov et al., 2024).  Supermassive 
black holes at the center of galaxies often have active 
accretion disks, and the interaction between the 
radiation produced by these disks and the surrounding 
gas can affect star formation and the distribution of mass 
in the galaxy (Schinnerer & Leroy, 2024; Volonteri et al., 
2021). Therefore, understanding the dynamics of 
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accretion disks is not only important in the study of black 
holes, but also in galaxy astrophysics in general.   

One of the main challenges in understanding 
accretion disks is how the rotational effects of the black 
hole affect the distribution of forces acting on particles in 
the disk. The black hole's spin creates a strong and 
asymmetric gravitational field, which affects the 
distribution and behavior of particles in the accretion 
disk (Cattorini & Giacomazzo, 2024; Reynolds, 2021). 
Gravitational interactions between particles cause 
significant turbulence, which affects the pattern of 
matter flow in the disk (Baehr & Zhu, 2021; Béthune et 
al., 2021). Particles closer to the black hole experience 
much stronger tidal forces than those further away 
(Kostić et al., 2009; Rossi et al., 2021), causing variations 
in pressure, temperature, and density within the disk.  
Relativistic effects of black hole spin, such as frame 
dragging, change the angular momentum of particles in 
the disk, causing changes in orbital energy and direction 
of motion (Banerjee et al., 2022; Pugliese & Stuchlík, 
2021). These interactions are non-linear, where a small 
change in one of the parameters can have a significant 
impact on the dynamics of the entire system. Therefore, 
modeling the forces in an accretion disk requires a more 
accurate computational approach to capture the 
complexity of this system.   

This research focuses on the development and 
implementation of an algorithm to calculate the forces 
acting on particles in an accretion disk around a rotating 
black hole. The mathematical model used incorporates 
logarithmic and trigonometric functions to improve the 
accuracy of the force calculations, leading to a deeper 
understanding of accretion disk dynamics and black 
hole physics in general. The novelty of this research lies 
in the algorithmic approach that is able to account for the 
interaction between the spin parameter and the relative 
position of the particles in the force calculation, 
something that has not been accounted for in many 
existing models. Many studies have examined the 
dynamics of accretion disks, but there is still a gap in 
computational methods that consider the simultaneous 
influence of relativistic effects and the internal structure 
of the disk. Existing models often neglect logarithmic 
and trigonometric interactions, which are actually very 
important in characterizing the forces in these systems. 
By introducing a new algorithm that comprehensively 
integrates spin parameters with relative positions, this 
study provides a more accurate solution in modeling the 
complex interactions in accretion disks. The algorithm 
provides a systematic framework for calculating the 
force F(x) over a wide range of spin and radius 
parameters. This approach not only improves the 
understanding of accretion disk dynamics, but also fills 
a gap in the field by providing a more powerful and 

accurate tool to explore the physical processes around 
black holes. 

This research supports the development of 
predictive models of black hole behavior, with potential 
applications in the study of high-energy astrophysical 
phenomena, such as relativistic jet formation, X-ray 
emission, and accretion variability. The approach can be 
used in the interpretation of observational data from 
telescopes and gravitational wave detectors, which can 
help in observing and understanding the accretion disk 
phenomenon in greater depth.  However, this study has 
limitations as it relies on the Kerr metric and the thin-
disk approach, which may not fully reflect the 
complexity of real accretion disks. The algorithm also 
uses certain idealization conditions, such as the spin 

parameter range *( [ 1,1]) −a  and radius value ( 1.5)x , 

which may limit its application in some astrophysical 
scenarios.   

This research offers an innovative approach to 
understanding the forces in an accretion disk through 
the development of more accurate algorithms. By 
considering relativistic effects, particle interactions, and 
non-linear influences in the system, the model can make 
important contributions to the study of accretion disk 
dynamics and black hole physics more broadly.   
 
Kerr Metric and Spacetime Around Rotating Black Holes 

The Kerr metric provides the solution to Einstein's 
field equations for the spacetime geometry around a 
rotating black hole (O’Neill, 2014; Teukolsky, 2015). This 
metric is of significant importance for analyzing the 
dynamics of particles, particularly those in the accretion 
disk around the black hole. The Kerr metric is 
characterized by the mass (M) of the black hole, its 
angular momentum (J), and its spin parameter (a), where 
the spin parameter (a) is defined as (Li & Bambi, 2014; 
Sheoran et al., 2018). 

with 0=  
J

a a M
M

 
(1) 

 
This metric can be written in Boyer–Lindquist 

coordinates ( , , , ) t r , where the components of the 

metric tensor ( )g  are given by: 
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The accretion disk structure around a rotating black 
hole is influenced by the spacetime curvature, which is 
governed by the black hole’s spin, mass, and the 
surrounding environment (Pugliese & Stuchlík, 2021). 
The dynamics of particles within the accretion disk are 
governed by energy (E), angular momentum (Lz), and 
the spin parameter (a) of the black hole (Ashoorioon et 
al., 2024). The effective potential governing the motion of 
test particles in the equatorial plane of the Kerr black 
hole can be expressed as: 
 

2

eff 2

22
( ) 1 1

  
= − + −  
  

z zL aMLM
V r

r rr
 

(4) 

 
Here, (Lz) is the angular momentum of the particle 

about the black hole, and (a) is the spin parameter. The 
radial equilibrium condition for the accretion disk can be 
derived by considering the first derivative of the 

effective potential eff ( )V r  with respect to (r): 

 

eff ( )
0=

dV r

dr
 

(5) 

 
Solving this equation gives the locations of the 

stable circular orbits in the accretion disk, which can be 
further refined based on energy and angular momentum 
parameters. 

The spin of the black hole plays a crucial role in 
shaping the properties of the accretion disk, particularly 
in terms of the innermost stable circular orbit (ISCO) and 
the overall dynamics of the disk (Abramowicz & Fragile, 
2013; Reynolds, 2021). The ISCO, which is the closest 
orbit that a particle can maintain without spiraling into 
the event horizon, is defined by the following 
relationship for a rotating black hole: 

 

ISCO

ISCO

2
3

1 cos
= +

+

M
r M  

(6) 

 

Where ISCO( )  is related to the spin parameter (a) 

through the trigonometric cosine function. The radius of 
the ISCO decreases as the spin parameter (a) increases, 
meaning that faster rotating black holes can accrete 
matter closer to the event horizon (Middleton, 2016). For 

an accretion disk, the total bolometric luminosity bol( )L  

is the sum of the electromagnetic radiation emitted by 
the disk across all wavelengths (Anitra, 2024). It can be 
calculated by integrating the luminosity over the 
emission spectrum: 
 

max

min
bol






= L L d  (7) 

Where ( )L   is the luminosity per unit wavelength. 

In the case of an accretion disk around a rotating black 
hole, the luminosity is primarily due to the gravitational 
energy released by the accreting material (Bisnovatyi-
Kogan & Lovelace, 2001). As the material spirals inward, 
it is accelerated by the black hole’s gravitational field, 
emitting radiation as it heats up due to friction and other 
dissipative processes (Punsly, 2008). 

For a particle moving in the accretion disk, the 
equation of motion can be derived from the Lagrangian 
in the Kerr metric (Ashoorioon et al., 2024). The effective 
force F(x) acting on a particle in the disk is governed by 
a combination of its energy (E), angular momentum (Lz), 
and the spin parameter (a) (Fung & Wong, 2015). This 
force can be expressed as an advanced equation that 
includes logarithmic and trigonometric functions, which 
better describe the particle dynamics in the strong 
gravitational field of the black hole: 

2

0 0
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( ) log
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(8) 

Here, (x0) is the characteristic radius associated with 
the ISCO, and (x) is the relative radial position of the 
particle. 
 
Total Energy and Angular Momentum in Accretion Disks 

The total energy (E) of a particle in the accretion 
disk of a rotating black hole is composed of its rest mass 
energy, kinetic energy, and potential energy, all of which 
are affected by the spacetime curvature in the Kerr 
metric (Crinquand, 2021). The total energy can be 
expressed as: 
 

(, , , , , ) 

    = − =E g u u t r  (9) 

 
Where ( )g  are the components of the Kerr metric, 

( )u  is the four-velocity of the particle,  The energy 

expression is derived from the temporal component of 
the four-momentum (Morales-Herrera et al., 2024). For a 
particle in an accretion disk, the total energy (E) at a 
radius (r) in the equatorial plane of the Kerr black hole 
can be approximated as (Gimeno-Soler et al., 2021): 
 

2( ) 2  = − − + tt tE r g g g  (10) 

  

Where ( )/ = d dt  is the angular velocity of the 

particle,  ( , , ) tt tg g g  are the components of the Kerr 

metric in the equatorial plane. In this case, E(r) is 
influenced by the spin parameter (a) of the black hole 
and the particle's radial position (r). The angular 
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momentum (Lz) of a particle in the accretion disk is 
defined as: 
 

 

= −zL g u r  (11) 

 
For a particle moving in the equatorial plane, this 

simplifies to: 
 

2  = zL mr  (12) 

 

Here, ( )  is the angular velocity of the particle, and 

it depends on both the radial coordinate (r) and the spin 
parameter (a) of the black hole. The spin parameter 
modifies the geometry of spacetime, and thus the value 

of ( ) . The angular momentum can also be written in 

terms of the energy (E) and the radial distance (r) using 
the relativistic energy and angular momentum 
conservation equations: 
 

2

2

2
( )= + zL

E f r
r

 
(13) 

 
This equation governs the motion of particles in the 

accretion disk, illustrating the relationship between 
energy and angular momentum. The radial equation of 
motion for a particle in the accretion disk can be written 
as: 
  

2 24
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2 2 2 2
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Where f(r) is a potential function that depends on 

the radius and the black hole’s spin parameter, ( )/dr dt  

represents the change in the radial position of the 
particle with respect to time. This equation describes 
how the radial position of the particle evolves over time 
in response to the conservation of energy and angular 
momentum, with both the black hole spin and the 
particle’s initial conditions determining the outcome 
(Reynolds, 2021). By combining the energy and angular 
momentum equations, the relationships governing the 
motion and distribution of particles in the accretion disk 
are obtained (Pugliese & Stuchlík, 2021). The 
relationship between the energy (E), angular momentum 
(Lz), and the radius (r) can be simplified into an effective 
potential form: 

 
2

eff 2
( ) ( )= + zL

V r f r
r

 
(15) 

 

Where the potential eff ( )V r  determines the 

equilibrium positions of particles in the disk. The 

minima of this potential correspond to the stable orbits 
where particles can remain in equilibrium, with the 
innermost stable circular orbit (ISCO) being the closest 
stable orbit to the black hole (Kagohashi et al., 2024). The 
stability of these orbits is determined by the interplay 
between the total energy (E) and the angular momentum 
(Lz) (Siagian et al., 2023). As the spin parameter (a) 
increases, the ISCO radius decreases, allowing for closer 
orbits and altering the overall structure of the accretion 
disk. 

To fully describe the dynamics of particles in an 
accretion disk, we can use the relativistic Euler-Lagrange 
equations in the Kerr spacetime, which express the 
conservation of energy and angular momentum for a 
system of particles (Raj, 2021): 
 

0
  

− = 
  &i i

d L L

dt q q
 

(16) 

  
Where (L) is the Lagrangian of the system (a 

function of position and velocity), ( )&iq  are the 

generalized velocities, ( )iq  are the generalized 

coordinates (such as ( , )r ). The angular momentum and 

energy conservation laws provide the governing 
principles for the particle's motion within the accretion 
disk and can be used to compute the detailed 
characteristics of the disk’s structure and dynamics 
(Gissinger, 2024). 
 
Bolometric Luminosity Calculation 

In the rotating black hole system, the bolometric 

luminosity bol( )L  represents the total energy emitted 

across all electromagnetic wavelengths, providing a 
comprehensive measure of the system's radiative output 
(Bambi, 2024). This luminosity is essential for 
understanding the energy budget and radiative 
properties of the black hole and its surrounding 
accretion disk (Lopez, 2024). The bolometric luminosity 

bol( )L  is given by an integral over the spectrum of 

emitted radiation (Spinoglio et al., 2024). The general 
expression for the luminosity can be written as: 

 

bol
0




= 
dE

L d
dt

 
(17) 

 

where ( )/dE dt  is the energy emitted per unit time 

at each frequency ( ) . This is typically determined from 

the spectrum of the black hole, which can be modeled as 
a combination of various radiation processes 
(Synchrotron, bremsstrahlung, and thermal emission) 
(Hankla et al., 2022). The energy emission rate as a 

function of frequency ( )  depends on several factors, 
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including the spin of the black hole, the inclination angle 
of the system, and the structure of the accretion disk 
(Pugliese & Stuchlík, 2021). 

In the case of a thin accretion disk around a rotating 
black hole, the energy emitted across different 
wavelengths can be modeled using a Planck-like 
spectrum, with adjustments for the relativistic effects 
due to the black hole's spin. The differential emission 
rate at each frequency can be approximated as: 

 

2
( ) ( ) 

 
=   

 
ò

dE r M

dt RD
 

(18) 

 
Where ( )ò  is the spectral emissivity at frequency 

( ) , which depends on the temperature and density 

profile of the accretion disk. (r) is the radial distance from 
the black hole. (D) is the distance from the observer. (M) 
is the mass of the black hole. (R) is the Schwarzschild 
radius.  

The temperature profile of a thin accretion disk 
around a rotating black hole is given by a relativistic 
generalization of the standard Novikov-Thorne solution 
for a Schwarzschild black hole (Narzilloev & Ahmedov, 
2023). For a rotating black hole described by the Kerr 
metric, the temperature T(r) of the accretion disk at a 
radial coordinate (r) is (Sánchez, 2024): 
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Where (T0) is a constant temperature normalization. 

ISCO( )r  is the radius of the innermost stable circular orbit 

(ISCO), which depends on the spin parameter (a*) of the 

black hole. The emissivity ( )ò  is related to the 

temperature by the Planck function: 
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Where (h) is Planck's constant, ( )  is the frequency 

of emitted radiation, (c) is the speed of light, (kB) is the 
Boltzmann constant. After substituting the emission 
spectrum and the temperature profile into the 

expression for bol( )L , the integral can be evaluated to 

give a total luminosity that accounts for the energy 
emitted over all frequencies (Pesce et al., 2021): 
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This equation encapsulates the full range of 
emissions from the black hole system, taking into 
account the relativistic modifications due to the black 
hole's spin, the temperature gradient in the accretion 
disk, and the distance between the black hole and the 
observer. The spin parameter (a*) plays a critical role in 
determining the temperature distribution and emission 
spectrum of the accretion disk. As the spin parameter 
increases, the ISCO radius decreases, leading to higher 
temperatures near the black hole and thus altering the 
spectrum of emitted radiation (Potter, 2021). This can 
significantly affect the luminosity, especially in the X-ray 
and gamma-ray bands, where relativistic effects become 
more pronounced. To further refine the bolometric 
luminosity, the frequency integral can be approximated 
by a combination of the disk's temperature and 
emissivity. This results in a more compact form of the 
bolometric luminosity expression. 
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(22) 

This formula provides a powerful tool to quantify 
the energy emitted from a rotating black hole system, 
taking into account relativistic corrections and the spin-
dependent structure of the accretion disk. The total 
luminosity is a key observable, which can be directly 
compared with astronomical data to gain insights into 
the physical properties of the black hole and its 
surrounding environment. 
 
Forces on Particles in the Accretion Disk 

In the Kerr metric, the equations of motion of 
particles in the accretion disk are derived from the 
geodesic action in rotating spacetime, given by:   
 

2

2
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With ( )

  is the Christoffel coefficient which 

depends on the rotation parameter (a) and mass (M) of 
the black hole. The total energy (E) and azimuthal 
angular momentum (Lz) for a particle moving in a stable 
circular orbit in the Kerr metric are given by: 
 

2
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with ( )  as the particle orbital frequency:   
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1/2

3/2 1/2
 =

+

M

r aM
 

(26) 

 
The total force acting on particles in the accretion 

disk comes from a combination of relativistic gravity, 
centrifugal force, and frame-dragging effects due to the 
black hole's rotation: 
 

eff= −r

dV
F
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(27) 

  
with effective potential: 
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If this force is expressed in logarithmic form to 

describe the non-linear effects in the near-disk region: 
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The spin of the black hole (a* = a/M) affects the 

orbital stability and energy distribution in the accretion 
disk. The value of (x) as a parameter relative to ISCO 
(inner stable circular orbit) is given by: 
 

ISCO

0 =
r

x
M

 
(30) 

  
With the explicit solution of ISCO as a function of spin: 
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To understand the force variations in the accretion 

disk, we use a logarithmic scale to see the significant 
differences near ISCO.: 
 

0log ( ) log( ) sin( )= − +F x A x x B Cx  (34) 

  
with (A, B, C) are constants that depend on the 

system parameters (mass, angular momentum, and 
spin). The radial force in the accretion disk shows a non-
linear dependence on the spin of the black hole (a*).   For 

high spin *( ~ 1)a , the maximum force occurs at a smaller 

radius, causing the disk to be more compact and 

increasing the relativistic effect. For low spin *( ~ 0)a , 

forces are more evenly distributed, causing the disk to be 
wider and similar to the Schwarzschild structure.   
 
Spin Parameter (a) and Its Effect on Accretion Disk Structure 

The innermost stable circular orbit (ISCO) in the 

accretion disk depends on the *( )a . The minus sign 

applies to prograde orbits *( 0)a , and the plus sign to 

retrograde orbits *( 0)a . When *( 1)→a , ISCO( )r  

approaches (M), which means the material can be very 
close to the event horizon without losing its orbital 
stability. In Boyer-Lindquist coordinates, the effective 
potential for particles orbiting a Kerr black hole is: 
 

2 *

eff 2 2 3
( )

2
= − + −

GM L GMLa
V r

r r c r
 

(35) 

 
The relativistic orbital velocity in the accretion disk 

also depends on *( )a , with the expression: 

 

3/2

*3
1 2

 =

 
− +  

 

c
v

M M
a

r r

 
(36) 

  

The larger *( )a , the faster the rotation of the 

material in the accretion disk. This also causes a 
significant temperature difference between the inside 
and outside of the disk, affecting the spectrum of the 
emitted radiation. The efficiency of mass-to-radiation 
conversion in an accretion disk is determined by:   
 

ISCO1 = − E  (37) 

  
with ISCO( )E  as the specific energy of the ISCO orbit, 

which in the case of Kerr black holes is given by: 
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(38) 

  
This efficiency increases drastically for black holes 

with *( 1)a , where ( )  can reach about 42%, compared 

to only 6% for Schwarzschild black holes *( 0)=a . This 

suggests that black holes with high rotation can be more 
efficient at converting gravitational energy into 
electromagnetic radiation. The maximum temperature 
in the accretion disk can be estimated by: 
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T

r
 

(39) 

 

where ( )&M  is the mass accretion rate and ( )  is the 

Stefan-Boltzmann constant. As ISCO( )r  decreases at 
*( 1)→a , the temperature of the accretion disk tends to 

be higher, causing more emission in the X-ray spectrum. 
The angular momentum distribution in the relativistic 
accretion disk around a Kerr black hole can be expressed 
as: 
 

1/2 * 3/2 *2 2

1 * 3/2

1 2 ( / ) ( / )

1 3( / ) 2 ( / )

− −

− −

− +
=

− +
z

GMr a r M a r M
L

c r M a r M
 

(40) 

  

Changes in *( )a   cause variations in the angular 

momentum distribution, which affects the thickness of 
the disk and the stability of the matter flow.  The rotation 
of the black hole affects the structure of the accretion 

disk, with ISCO smaller for *( 0)a , allowing matter to 

approach the event horizon before stability is lost.  The 

orbital velocity and disk temperature increase with *( )a

, causing changes to the emission spectrum and energy 
distribution in the accretion system.  The radiation 

efficiency increases with *( )a , with the maximum 

efficiency reaching 42% for *( 1)=a , which is 

significantly higher than that of a Schwarzschild black 
hole.  The angular momentum distribution in the 

accretion disk strongly depends on *( )a , which affects 

the orbital stability and launch mechanism of the 

relativistic jet. The influence of *( )a  on the disc structure 

can be observed through thermal effects and material 
dynamics, which has implications in X-ray modeling of 
quasars and active black holes.   
 

Method  
 

Algorithm for Calculating the Force F(x) on Particles in an 
Accretion Disk Around a Rotating Black Hole Using Spin 
Parameters and Relative Position  

The algorithm is used to calculate the forces acting 
on particles in the accretion disk around a rotating black 
hole, taking into account several physical parameters 

such as the spin parameter ( )*a  as well as other 

parameters such as (x0), (x1), (x2), and (x3). The main 
function used is F(x), which calculates the force based on 
the relative position of the object in the gravitational field 
of the black hole. The function F(x) accepts five inputs: 

(x), ( )*a , (x0), (x1), (x2), and (x3). Each parameter 

describes a variable that relates to the object's relative 
position in the black hole's gravitational field as well as 
other parameters that affect the forces on the object. 
 

 
Figure 1. A structured calculation process involving three 

main steps  

 
Figure 1 is a flowchart outlining the structured 

calculation process that involves three main steps: 1) 
calculating the components (terms), 2) calculating the 
denominator, and 3) calculating the final result, F(x). The 
process includes iterative steps with decision points to 
check if all components are complete before proceeding. 
If they are complete, the result will be displayed; 
otherwise, the process will end. There are predefined 
preparatory steps and clear transitions between the 
stages, highlighting an orderly flow from start to finish. 

Figure 2 is an algorithm to calculate the roots of a 

cubic equation based on the parameter ( )*a . It starts 

with an input value of ( )*a  in the range [-1, 1], then 

checks if the value is within the valid range. If yes, the 
algorithm continues the calculation to get the three roots 
of (x1), (x2), and (x3) using the trigonometric formula. 
After that, the results are saved and the process is 
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terminated. If the value of ( )*a  is not within the valid 

range, the process terminates immediately. 
 

 
Figure 2. Algorithm for calculating the roots of a cubic 

equation based on the parameter (a*) 

 

 
Figure 3. Algorithm to calculate the value of F(x) based on the 

input array `a_star` and the value `x` 

 

The value of the rotation parameter ( )*a  is defined 

in the range from 0 to 0.99 with an interval of 0.2 to 
describe the variation of the black hole rotation speed in 
the analysis. The radius value (x) is defined in the range 
from 1.5 to 10 with an interval of 0.1 to describe the 
relative position of objects around the black hole. 

Figure 3 is the algorithm to calculate the value of 
F(x) based on the input array `a_star` and the value `x`. 
The process starts with inputting the value of `a_star`, 
then calculates the roots of the cubic equation for ̀ a_star` 
and gets the root value of `x` (x1, x2, x3). After that, the 
value of `x` is input and compared with those roots to 
determine if it is greater than one of the roots. If it is, F(x) 
is calculated using the `x`, `a_star`, and the roots 
obtained. The result of the F(x) calculation is then output 
and the process ends. 
    
Calculation of Forces on Particles in an Accretion Disk 
Around a Rotating Black Hole Based on Energy, Angular 
Momentum, and Spin Parameters, with Logarithmic and 
Trigonometric Function Approaches  

In the Kerr metric, which describes the spacetime 
around a rotating black hole, the time-averaged radial 
structure of the accretion disk can be expressed through 
an equation involving several important parameters 
such as total energy (E), angular momentum (Lz), and 

rotation frequency ( )  (Röder et al., 2023; Sánchez, 

2024). The bolometric luminosity, which is the total 
electromagnetic luminosity of an object, is calculated by 
integrating the luminosity across wavelengths (Hogg, 
2022; Saccheo et al., 2023). In a thin accretion disk, the 
relationship between these parameters can be described 
by the following equation (Abramowicz & Fragile, 2013; 
Stashko et al., 2021): 
 

( )
2

2
( ) ( )

( ) in

r
r

z x z
r

z

M
F x E L L dx

E L G

 
= − − 

− −
  

(41) 

 
This equation represents the relationship between 

the force F(x) acting on a particle in an accretion disk and 

other parameters such as (E), ( ) , and (Lz). To 

accommodate more complex models, this equation can 
be further developed into a form involving logarithmic 
and trigonometric functions. Thus, the more 
complicated form of F(x) is as follow: 
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(42) 

 
In this equation, (x0) is defined as the square root of 

the ratio between isco( )r  (the radius of the nearest stable 

orbit or ISCO) and the mass (M) of the black hole. This 
(x0) parameter describes the characteristic length 
associated with the orbits of objects close to the black 
hole. It also indicates the critical distance around the 
black hole where particles begin to lose their orbital 
stability (Pretorius & Khurana, 2007). It is a very 
important parameter in determining the region of orbital 
stability in the extreme gravitational field around a black 
hole: 
 

isco

0

r
x

M
=  

(43) 

r
x

M
=  

(44) 

 
The parameter (x) itself is the square root of the ratio 

between the general radius (r) and the mass (M), which 
indicates the size relative to the mass of the black hole. 
This describes the relative position of the object in the 
black hole's gravitational field. 

The values (x1), (x2), and (x3) are solutions of a cubic 

equation involving the spin parameter ( )*a  of the black 

hole, calculated using the trigonometric cosine function. 
These values are obtained by applying the inverse cosine 

to the spin parameter ( )*a , which is a decimal number 

value between -1 and 1, describing the rotational speed 
of the black hole. By considering the solutions of these 
cubic equations, the values of (x1), (x2), and (x3) can be 
calculated and describe the gravitational properties 
associated with the rotating black hole, as well as its 
effect on the structure of the accretion disk: 

 

1 *

1
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3 3
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 
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2 *

1
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3 *

1
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(45.c) 

 
All of these equations representing the forces acting 

on particles in the accretion disk around the spinning 
black hole can be calculated by considering various 

parameters, including the energy, angular momentum, 
and spin of the black hole. 

 

Result and Discussion 
 
Effect of Spin Parameters on Singularity Phenomenon in 
Black Holes and the Limit of No Singularity at a Certain 
Radius 

In this study, the phenomenon of significant 
changes in black holes that depend on the value of the 

spin parameter *a  is observed. This significant change 
does not occur at a certain value of radius, referred to as 
the limit without significant change, which can be seen 

at various values of *a . As seen at values of * 0.6=a , 
there is no significant change up to a radius of (x = 1.7), 
where the value of F(x) is recorded to be about 0.0086 μ. 

At ( * 0.4=a ), the boundary without significant change 
occurs up to (x=2), with a F(x) value of 610.5 μ. Similarly, 

for ( * 0.2=a ), there is no significant change until the 
point (x = 2.2), with the value of F(x) reaching 95.02 μ. As 

for ( * 0=a ), significant changes only appear at radius (x 
= 2.2), with a F(x) value of about 321.54 μ.  
 
Table 1. Relationship of Spin Parameter with Point of No 
Singularity and Point of Return Singularity on Black 
Hole Accretion Disk  
Spin 
Parameters  

Point Without 
Significant Change 

Significant Change 
Point Back 

0.6 (1.7, 0.0086 μ) (2.3, 208.06 μ) 
0.4 (2.0, 610.5 μ) (2.3, 104.07 μ) 
0.2 (2.2, 95.02 μ) (2.4, 10.91 μ) 
0 (2.2, 321.54 μ) (2.8, 51.73 μ) 
0.8 - (2.3, 278.84 μ) 

 
However, at higher values of rotation, significant 

changes reappear at larger radii. At ( * 0.8=a ), 
significant changes reappear at (x = 2.3), with a F(x) 

value of 278.84 μ. Similarly, for ( * 0.6=a ), significant 
changes appear at the point (x = 2.3) with a value F(x) of 

about 208.06 μ, and for ( * 0.4=a ), significant changes 

appear at (x = 2.3) with a value ( )   104.07 =F x . For (

* 0.2=a ), a significant change occurs at (x = 2.4), with a 

value of F(x) = 10.91 μ, and at ( * 0=a ), a significant 
change appears at the point (x = 2.8) with a value of F(x) 
= 51.73 μ. 
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The study expands our understanding of the 
dynamics of black hole accretion disks by showing 
points of no significant change and points of significant 
change at various values of the spin parameter (a*). This 
confirms how structural changes in the accretion disk 
occur, which is closely related to existing accretion disk 
theories. In theory, physical parameters such as the spin 
of the black hole affect the structure and dynamics of the 
matter flow, including the velocity and temperature 
distributions in the disk (Reynolds, 2021). 

The value of the spin parameter ( *a ) affect the 
temperature and velocity distribution, and determine 
the location of significant change points on the accretion 
disk (Bisnovatyi-Kogan & Lovelace, 2001). This result is 
consistent with the predictions of accretion disk theory, 
which suggests that materials in the disk can undergo 
phase changes or transitions influenced by the spin of 
the black hole, causing significant changes in the 
physical properties of the disk (Abramowicz & Fragile, 
2013). 

 
Figure 5. Relationship between radius and F(x) values for 

various values of spin parameter 
 

Figure 5 shows the relationship between the radius 
(x) and the value of F(x) for various values of the spin 

parameter ( *a ), which affects the accretion disk 
structure of the black hole. In the graph, it can be seen 

that F(x) depends on the value of the spin parameter ( *a

), where the value of F(x) for each value of ( *a ) records 
a significant change as the radius (x) changes. As the 
value of the spin parameter increases, the F(x) function 
shows sharper variations around a certain point. This 
indicates that the accretion disk structure of the black 
hole is strongly influenced by the spin value of the black 
hole (Abramowicz & Fragile, 2013). Based on these 
results, it has been observed that for some specific spin 
values, there is a limit point where there is no significant 
change until the radius (x) reaches a certain point. At 

lower spin values (such as * 0.2=a ), significant changes 
do not appear until the radius (x = 2.2). Whereas at 

higher values of rotation (such as * 0.8=a ), significant 
changes begin to appear at smaller radii (such as x = 2.3). 

The use of a logarithmic scale on the F(x) graph aims 
to clarify the fluctuations in the value of F(x) over the 
entire range of the accretion disk radius. In many cases, 
small changes in the function F(x) at distances very close 
to the center of the black hole can be very significant and 
can only be clearly seen when using a logarithmic scale. 
This makes it possible to see large and small changes in 
the function that involve extreme variations, which are 
not obvious when using a regular linear scale. 
Logarithmic scales are used to describe distributions that 
involve very different values or have large differences 
between data points, such as in the distribution of matter 
in an accretion disk that shows sharp changes in energy 
or temperature at a certain distance from the center of 
the black hole. The use of logarithms facilitates the 
visualization and interpretation of data that has a large 
range, so that the relationship between data points 
further and closer to the black hole can be effectively 
compared. 
 

Conclusion  
 

The force F(x) is strongly influenced by the 
combination of total energy (E), angular momentum, 
and spin parameter, which shows the complex 
interaction between the accretion disk and the 
gravitational field of the black hole. The spin parameter 
determines the location of the stable radius (ISCO) and 
affects the radial structure of the accretion disk. The 
larger the spin value, the more significant the change in 
the force F(x) at a given radius. The cubic root solution 
describes the limit of no singularity and the return of the 
singularity at a certain radius. The use of logarithmic and 
trigonometric functions extends the force model, 
interpreting the complicated space-time dynamics 
around a spinning black hole. Theoretically, the 
algorithm provides a quantitative approach to 
understanding the distribution of forces on particles in 
accretion disks, which is relevant for the study of 
extreme gravity and black hole dynamics. The algorithm 
can be used to predict the force distribution in the 
accretion disc, which is useful in analyzing the 
electromagnetic radiation patterns of active black holes. 
The model helps determine the radius without 
singularities for a given spin value, which is important 
for understanding the stability of particle orbits. 
Understanding the relationship between spin, force, and 
disk structure can improve the interpretation of 
observational data, such as emission spectra from black 
holes. The algorithm can be implemented in 
computational simulations to model accretion disk 
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systems more accurately, which is relevant for the study 
of black hole evolution and matter accretion. 
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