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Abstract: Ions resulting from the ionization of helium atoms are known as helium ions. 
Atom of Helium The probability distribution of the particle locations and velocities 
inside a helium atom is referred to as probability. Using theoretical study methods, the 
goal of this research is to find the probability of an electron's position in a helium atom 
at the quantum number 3 ≤ n ≤ 4. This type of research is non-experimental research by 
developing previously existing theories. This type of research is non-experimental 
research by transforming the radial wave function of hydrogenic atoms in position space 
into a radial wave function in momentum space using the Fourier transformation, then 
including a number of Gegenbauer functions and using the probability equation of 
finding an electron in a Helium ion in momentum space. The results of this research 
provide information regarding the position and probability of the existence of electrons 
in the helium atom. The probability value for the Helium ion is obtained using the 

equation P(p) = ∫ 𝑝2𝑝

0
 |𝐹𝑛,𝑙(𝑃)2| 𝑑𝑝 which is used to indicate the probability of finding an 

electron in a helium atom is directly proportional to the principal quantum number (n) 
and the value of the electron's momentum. The larger the electron momentum interval, 
the greater the probability. 
 
Keywords: Helium atom; Probability; Radial waves 

  

Introduction 
 

The development of quantum theory around 1900, 
or toward the close of the 19th century (Syahrial et al., 
2022). The physical science of quantum physics 
examines atoms, subatomic particles, and atomic 
systems (Sutopo, 2005). The development of quantum 
physics in atoms provides great knowledge for 
understanding the universe involving atomic 
phenomena (Supriadi, Mardhiana, Kristiawan, Kamalia, 
& Sari, 2023). In the study of atomic physics, molecular 
physics, particle physics, nuclear physics, and quantum 
chemistry, mathematical theorems and equations are 
crucial for building a particle wave function (Plotnitsky, 
2020). 

The particle wave function is the solution of a 
particle wave equation, namely a second order partial 
differential equation based on (i) the law of conservation 

of energy; (ii) de Broglie's hypothesis; and (iii) 
convergent and have continuity properties (Setiyowati 
et al., 2021).  A single electron atom can describe the link 
between waves and particles (Supriadi, Lorensia, 
Shahira, Prabandari, & Putri, 2023). Because it only has 
one orbital electron and one proton in its nucleus, the 
hydrogen atom is the most basic type of atom (Suyanta, 
2019). The advancement of quantum mechanical ideas 
about atoms offers valuable insights into the cosmos 
concerning atomic processes (Supriadi, Lorensia, 
Shahira, Prabandari, & Putri, 2023). 

In 1926, Erwin Schrödinger succeeded in 
formulating the wave-particle equation which explains 
the movement of electrons in atoms. Erwin 
Schrödinger's discovery of second-order differential 
equations provided details about the wave behavior of 
particles, including wave functions and their 
probabilities (Hakim et al., 2016). This was also 
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mentioned by Utami et al. (2019), who came to the 
conclusion that the Schrodinger equation can be utilized 
to ascertain an atom's properties and that varying the 
quantum number can result in a distinct wave function. 
The wave function (ψ) has no physical meaning, even 
though it can provide information about a system's 
condition at any given moment. On the other hand, 
when the wave function's absolute value is squared and 
integrated with specific variables, this can yield 
probability values that indicate the physical 
interpretation. In classical physics, the Schrodinger 
equation is equivalent to Newton's second law, which is 

represented by the formula ( 
𝜕2𝑟

𝜕𝑡2 = 
𝐹

𝑚
). The Schrodinger 

equation is generally expressed as follows: 
 

∇2Ψ(𝑟,𝑡) + 
2𝜇

ℏ2
(𝐸 − 𝑉)Ψ(𝑟,𝑡) = 0 (1) 

 

With ∇2 =
𝑑2

𝑑𝑥2 +
𝑑2

𝑑𝑦2 +
𝑑2

𝑑𝑧2  in Cartesian 

coordinates =
1

𝑟2 {
𝑑

𝑑𝑟
(𝑟2 𝑑

𝑑𝑟
) +

1

sin 𝜃

𝑑

𝑑𝜃
(sin 𝜃

𝑑

𝑑𝜃
) +

1

𝑠𝑖𝑛2𝜃

𝑑2

𝑑∅
} 

in spherical coordinates (Supriadi et al., 2022). So, in 
spherical coordinates, the steady (time independent) 
Schrodinger equation of electrons in a hydrogenic atom 
becomes: 

 
1

𝑟2 {
𝑑

𝑑𝑟
(𝑟2

𝑑

𝑑𝑟
) +

1

sin 𝜃

𝑑

𝑑𝜃
(sin 𝜃

𝑑

𝑑𝜃
) +

1

𝑠𝑖𝑛2𝜃

𝑑2

𝑑∅
} Ψ(𝑟,𝜃,𝜙) 

+
2𝜇

ℏ2
(𝐸 − 𝑉)Ψ(𝑟,𝜃,𝜙) = 0 

(2) 

 
Solving equation (2) can be done by changing the 

partial differential equation into a simpler differential 
equation by assuming that Ψ(𝑟,𝜃,𝜙) = 𝑅(𝑟)𝑌(𝜃, 𝜙). Using 

the variable separation method, we get: 
a. Radial Schrodinger Equation: 

[
1

𝑅(𝑟)

𝜕

𝜕𝑟
(𝑟2

𝜕𝑅(𝑟)

𝜕𝑟
) +

2𝜇𝑟2

ℏ2
[𝐸 − 𝑉(𝑟)]] = 𝛽 (3) 

b. Angular Schrodinger Equation: 

[
1

𝑌(θ, ϕ)𝑠𝑖𝑛𝜃

𝜕

𝜕𝜃
(𝑠𝑖𝑛𝜃

𝜕𝑌(θ, ϕ)

𝜕𝜃
) +

1

𝑌(θ, ϕ)𝑠𝑖𝑛2𝜃

𝜕2𝑌(θ, ϕ)

𝜕𝜙2
] = −𝛽 (4) 

 
Equation (3) radial Schrodinger equation and the 

related Laguerre differential equation are comparable. 
From a mathematical formulation: 

 

𝐿𝑛
𝑘 (𝑟) =

𝑑𝑘

𝑑𝑟𝑘 𝐿𝑛(𝑟)    (5) 

 
where 𝐿𝑛(𝑟) is the Laguerre function (Supriadi et al., 
2022). The Laguerre function and the Laguerre 
polynomial are the two primary ideas that are discussed 

in the Laguerre equation (Kharismawati et al., 2021). 
Laguerre polynomials and the Laguerre function have 
numerous uses in theoretical physics and mathematics, 
including the solution of differential equations, 
numerical analysis, and other applied scientific domains 
(Marlina et al., 2022). In mathematical physics, the 
Laguerre function is a solution to a second-order 
differential equation called the Laguerre differential 
equation. It is commonly used in oscillation and central 
potential problems, among other situations (Dai et al., 
2015). By using the associated Laguerre function, the 
solution of equation (3) can be expressed in terms of the 
radial function of the hydrogenic atom, namely: 
 

𝑅𝑛𝑙(𝑟) = 𝑁𝑛𝑙  𝑒
−

𝑧𝑟
𝑛𝑎0  (

2𝑧𝑟

𝑛𝑎0
)

𝑙

𝐿𝑛+1
2𝑙+1 (

2𝑧𝑟

𝑛𝑎0
) (6) 

with 𝑁𝑛𝑙 = − (
𝟐𝒛

𝒏𝒂𝟎
)

𝟑
𝟐⁄

√
(𝒏−𝒍−𝟏)!

𝟐𝒏[(𝒏+𝒍)!]𝟑 is the normalization 

constant,  𝐿𝑛−𝑙−1
2𝑙+1 (

2𝑍𝑟

𝑛𝑎0
) is the Laguerre polynomial, 𝑎0 = 

0,529 ×  10−10 meter is the Bohr radius, z is the atomic 
number, n is the principal quantum number and l is the 
orbital quantum number (Pandu et al., 2021). 

The radial wave function of hydrogenic atoms can 
not only be expressed in position space, R_nl (r), 𝑅𝑛𝑙(𝑟) 
but can also be expressed in momentum space, 𝑅𝑛𝑙(𝑝) 
(Ningrum et al., 2023). According to Al Bawani et al. 
(2023), the radial function can be used to see how 
electrons behave in momentum space Lithium ion 
electrons' average electron location (anticipated value), 
or 𝐿𝑖2+,  in momentum space is dependent on both the 
momentum interval and the principal quantum number. 
Hage-Hassan states that the Fourier transform is used to 
transform the tritium atom's radial wave function in 
order to obtain the atom's radial wave function in 
momentum space (Supriadi, Sari, Rahmawati, 
Mardhiana, & Firdausyiah, 2023). Lithium ions' wave 
functions in momentum space often don't differ 
significantly from those of other hydrogenic atoms 
(Supriadi, Lorensia, Shahira, Prabandari, & Putri, 2023). 
The radial wave function of hydrogenic atoms in 
momentum space is formulated (Bransden et al., 1995): 

 

𝐹𝑛𝑙 = (
2

𝜋

(𝑛−𝑙−1)!

(𝑛+𝑙)!
)

1

2
 𝑛222𝑙+2𝑙!

𝑛𝑙𝑝𝑙

(𝑛2𝑝2+1)𝑙+2   𝐶𝑛−𝑙−1
𝑙+1  (

𝑛2𝑝2−1

𝑛2𝑝2+1
)    (7) 

(Nurroniah et al., 2023) 
 

An atom of helium that loses one electron results in 
an ion with a one-electron orbital, known as a helium ion 
(He+) (Lutfin et al., 2020). When an electron is released 
during ionization, helium atoms become helium ions 
( 𝐻𝑒+

2
4 ), leaving them with just one orbital electron. 

So the helium ion behaves the same as hydrogen, 
the difference is that the nucleus has a positive charge of 
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2e. Helium ions are used in daily life for two purposes: 
to fill hot air balloons and to facilitate underwater diving 
on the bottom by substituting normal air (Nurroniah et 
al., 2023). Helium serves as a semiconductor magnet in 
applications such as nuclear magnet resonance (NMR) 
(Alimah et al., 2017) and magnetic resonance imaging 
(MRI) in its liquid state (Rillo et al., 2015). According to 
Saputro (2019), the ability of helium ions to destroy 
bacteria on mangosteen fruit makes them suitable for 
use as a plasma-based sterilizing agent. Helium gas has 
the potential to prevent myocardial ischemia and be 
utilized as an additional therapy for respiratory 
disorders (Berganza et al., 2013). 

According to Max Born, the likelihood of 
discovering an electron in a substance can be determined 
by calculating the squared area of the radial wave 
function (Yanuarief et al., 2019). According to Supriadi 
et al. (2023) came to the conclusion that the chance of 
locating an electron in an atom is described by the 
integral of the absolute value of the radial function, and 
that the value decreases as the electron's position 
becomes farther from the atomic nucleus. Probability is 
the chance of finding an electron in an atom or ion. Then 
the probability of getting an electron in a hydrogenic 
atom (Helium ion) is (Supriadi, Lorensia, Shahira, 
Prabandari, & Putri, 2023): 

 

𝑃 =  ∫ 𝑟2|𝑅(𝑟)|2 𝑑𝑟
∞

−∞

 (8) 

 
This research aims to investigate the probability of 

the existence of He+ ions in the quantum number range 
3 ≤ n ≤ 4 in momentum space. Although there are many 
studies reviewing the properties of hydrogenoid atoms, 
this work places special emphasis on analysis in 
momentum space, an approach that is less common but 
has important relevance in understanding the behavior 
of subatomic particles. 

 
Method 
 

This research is a non-experimental study that 
involves the transformation of the radial wave function 
of the hydrogen atom in position space, utilizing the 
equation: 

 

𝑅𝑛𝑙 = − (
2𝑧

𝑛𝑎0

)

3
2

√
(𝑛 − ℓ − 1)!

2𝑛[(𝑛 + 1)!]3
𝑒−(

𝑧𝑟
𝑛𝑎

)(𝜉)ℓ𝐿𝑛+𝑙
2ℓ+1(𝜉) (9) 

 
In addition, the radial wave function in momentum 

space can also be expressed using Fourier 
transformation, with the equation 𝑅(𝑝) =

1

√2𝜋ℏ
∫ 𝑅(𝑟) 𝑒−

𝑖𝑝𝑟

ℏ 𝑑𝑟 By introducing new parameter, 

namely as follows 3 means the orbital quantum number 
is 𝑙 = 0, 1, 2. So, the radial wave function for 𝑛 = 3 is 
𝐹30, 𝐹31& 𝐹32 or there are 3 radial wave functions. 
Meanwhile, for the main quantum number 𝑛 = 4 are 4 
here are 4 radial wave functions, namely 
𝐹40, 𝐹41, 𝐹42 & 𝐹43. 

The following procedures are used to analytically 
compute the radial wave function of the helium ion in 
the combination of quantum numbers(𝑛, 𝑙) =  (3, 0): 

Determining the Gegenbauer function for(𝑛, 𝑙) =
 (3, 0) we get: 

𝐶𝑛−𝑙−1
𝑙+1 [

𝑛2𝑝2 − 4𝑝0
2

𝑛2𝑝2 + 4𝑝0
2] = 𝐶2

1 [
9𝑝2 − 4𝑝0

2

9𝑝2 + 4𝑝0
2] 

           = 4 [
9𝑝2−4𝑝0

2

9𝑝2+4𝑝0
2]

2

− 1 

The radial wave function of the helium ion 

        𝐹30 =
864

√3𝜋
 𝑥 𝑝𝑜

5

2 𝑥 
3(81𝑝4 − 120𝑝2𝑝𝑜

2
+16 𝑝𝑜

4)

(9𝑝2 − 4𝑝𝑜
2

)4
 

These results are in accordance with the research 
results of Nurroniah et al. (2023). So the complete radial 
wave function of the Helium ion, 𝐻𝑒+ can be seen in. 
 
Table 1. Helium Ion Radial Wave Function  3 ≤ 𝑛 ≤ 4 

𝑛   𝑙  𝐹𝑛,𝑙(𝑝) 

3 0 
  

864

√3𝜋
  𝑝𝑜

5

2   
(81𝑝4 − 120𝑝2𝑝𝑜

2
+16 𝑝𝑜

4)

(9𝑝2+ 4𝑝𝑜
2

)4
 

1 
 
27648

√24𝜋
  𝑝  𝑝𝑜

7

2  
9𝑝2 − 4𝑝𝑜

2

[9𝑝2+ 4𝑝𝑜
2

]
4 

2 
 
211𝑥 34

√30𝜋
  𝑝2  𝑝𝑜

9

2   
1

[9𝑝2+ 4𝑝𝑜
2

]
4 

4   0 
 

26

 √𝜋
 𝑃0

5

2   
(64𝑃6−112𝑃4𝑃0

2+28𝑃2𝑃0
4−3𝑃0

6)

(4𝑃2+𝑃0
2)

5  

1 
 

28

√15𝜋
𝑃 𝑃0

7

2  
(80𝑃4−56𝑝2𝑃0

2
+5𝑝0

4)

(4𝑃2+4𝑃0
2)

5  

2 
 
211.

√5𝜋
 𝑃2 𝑃0

9

2  
(4𝑃4−𝑝2𝑃0

2
)

(4𝑃2+𝑃0
2)

5  

3 
 

213

√35𝜋
 

𝑃0
11

2⁄  𝑝3

[4𝑝2+𝑝0
2]

5 

 
Meanwhile, the probability of finding an electron in 

a helium ion is analytically done by calculating the 
integral of the radial distribution function of the 
momentum of the helium ion using the equation: 

 

𝐏(p) = ∫ 𝑝2
𝑝

0

|𝐹𝑛,𝑙(𝑃)2| 𝑑𝑝 (10) 

 
This calculation is carried out for each state in the 

principal quantum number 3 ≤ n ≤ 4. In the 
situation(𝑛, 𝑙) = (3,2), the probability of finding an 
electron when the electron momentum is 𝑝 = 𝑝0 =

1,99285 x 10−24  
𝐽. 𝑠

𝑚⁄  in a Helium ion uses the 
following steps: 
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P(p) = ∫ 𝑃29𝑃0

0
 |𝐹32(𝑃)2| dp 

       with 𝐹3,2(𝑝) =
211𝑥 34

√30𝜋
𝑝2 𝑝𝑜

9

2
1

[9𝑝2+ 4𝑝𝑜
2

]
4  obtained P(p) 

= 
22238

30𝜋
𝑃0

9 ∫  
9𝑃0

0

𝑝6

(9𝑃2+4𝑃0
2)

8 𝑑𝑝  

Use the Pythagorean theorem, assuming: 

 

 obtained  𝑝 =
2

3
𝑝0 tan 𝜃  and=  

2

3
𝑝0 𝑠𝑒𝑐2𝜃 

By using the integration table we get P_3,2 (p_0 ) = 
92,9938 % P3,2(p0) = 92,9938 %. 

By using the integration table we getP3,2(p0) =

92,9938 %. 

 

 
Figure 1 Radial momentum probability distribution n=3 l=2 

 

 
Figure 2. Radial momentum probability distribution n=4 l=2 
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The complete probability of finding an electron in a 
Helium ion at the principal quantum number 𝑛 = 3 s 

presented in table 2. Apart from that, there is also an n3 

l2 probability graph shown in Figure 1. 
 

Table 2. Probability of Finding Helium Ion Electrons in 
the Wave Function 𝐹𝑛,𝑙(𝑝) in the region 0 ≤ 𝑝 ≤ 2𝑝0 

Interval F3,0(p) (%) F3,1(p) (%)  F3,2(p) (%)  

0 ≤ p ≤ 0.2p0  39.04 8.58 47.82 
0 ≤ p ≤ 0.4p0  61.70 59.87 16.12 
0 ≤ p ≤ 0.6p0  74.10 78.89 53.41 
0 ≤ p ≤ 0.8p0  90.49 79.94 80.86 
0 ≤ p ≤ 1.0p0  94.79 85.12 92.99 
0 ≤ p ≤ 1.2p0  95.02 90.87 97.47 
0 ≤ p ≤ 1.4p0  95.31 94.81 99.06 
0 ≤ p ≤ 1.6p0  96.02 97.11 99.64 
0 ≤ p ≤ 1.8p0  96.85 98.37 99.86 
0 ≤ p ≤ 2.0p0  97.59 99.07 99.95 

 
Meanwhile, for the quantum number n = 4, the 

probability of finding an electron is calculated in the 
same way but with different integration limits. From the 
calculation results, it is found that the probabilities in the 
wave functions 𝐹4,0 and 𝐹4,2 are presented in table 3. 

 
Table 3. Probability of Finding Helium Ion Electrons in 

the 𝐹4,0(𝑝) and 𝐹4,2(0) Wave Functions in the region 0 ≤

𝑝 ≤ 0.2𝑝0  
Interval F4,0(p) (%) F42(p) (%)  

0 ≤ 𝑝 ≤ 0.02𝑝0  38.57 0.01 
0 ≤ 𝑝 ≤ 0.04𝑝0  2.95 0.58 
0 ≤ 𝑝 ≤ 0.06𝑝0  9.31 9.02 
0 ≤ 𝑝 ≤ 0.08𝑝0  20.05 60.04 

0 ≤ 𝑝 ≤ 0.10𝑝0  34.68 2.46 

0 ≤ 𝑝 ≤ 0.12𝑝0  51.81 7.38 

0 ≤ 𝑝 ≤ 0.14𝑝0  69.54 17.67 
0 ≤ 𝑝 ≤ 0.16𝑝0  85.98 35.72 
0 ≤ 𝑝 ≤ 0.18𝑝0  99.58 63.29 
0 ≤ 𝑝 ≤ 0.20𝑝0  100 100 

 
Based on table 2 and table 3, it can be seen that the 

probability value for finding an electron in a Helium ion 
when the electron's momentum is greater, the 
probability is also greater. This is in accordance with the 
research results of Supriadi et al. (2023), namely that the 
probability value of the deuterium atom 𝐻1

2  s becomes 
greater as the electron momentum interval and its main 
quantum number increase. At the same principal 
quantum number, the increase in the probability value 
for a large l orbital quantum number is faster than for a 
smaller l. 

In the state of the main quantum number 𝑛 = 4, the 
increase in probability will be faster than when 𝑛 = 3, so 
in this study, the momentum interval used when 𝑛 = 4 
s smaller than when𝑛 = 3. This aims to see whether 

changes in probability values are still influenced by 
increasing the momentum interval used. 
 

Conclusion 
 

According to the aforementioned research findings, 
the Fourier transformation can be used to transform the 
radial wave function of helium ions in position space 
into the radial wave function of helium ions in 
momentum space. Then proceed with determining the 
integration limits using the trigonometry rule 
calculation technique used in calculating the probability 
of finding an electron in a Helium ion in momentum 
space, namely 𝑝 = 0 to 𝑝 = 2 𝑝0. A helium ion's 
probability value is directly correlated with its electron 
momentum value and main quantum number. The 
greater the probability, the larger the electron 
momentum interval. This is also consistent with the 
findings of other hydrogenic atom research in 
momentum space. 
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